Introduction.
Quasi-static approximations in continuum mechanics are very useful and widely used; in particular, this is true in thermoelasticity (see, e.g., [1] , much of which is devoted to quasi-static considerations).
In this paper we consider the coupled/ quasi-static (C/QS) approximation in linear thermoelasticity for a homogeneous onedimensional continuum.
Following Day [3] we use the term "coupled/quasi-static approximation" to mean that the inertial term in the momentum equation (Eq. (1.2) below) is neglected, but the terms of thermomechanical coupling are retained in both the momentum equation and the energy equation (Eq. (1.1) below). Thus in (1.2) one puts the inertial constant £2 equal to zero but retains a nonzero coupling constant 7 in (1.1) and (1.2). Since a second time-derivative term is thereby neglected it is not surprising that the quasi-static approximations of the displacement and temperature are not uniformly asymptotically correct in space and time (without "corrector terms" as in [7, 4] for the equation of Cattaneo and nonlinear generalizations) to lowest order in the inertial constant. A principal result of this paper is that, perhaps surprisingly, the quasi-static approximation of the entropy is uniformly asymptotically correct in space and time (on [0,1] x [0, T] for any given positive T) to lowest order, consisting solely of diffusion-type terms.
As emphasized in [5] , Day has shown that 6, the C/QS approximation of the temperature 9, satisfies \9 -9\ -> 0 as t -* 00 uniformly in space (on [0, 1] ). The same is true if 9 is replaced by 9, the temperature given by the classical heat equation that corresponds to the uncoupled/quasi-static approximation.
We are not asserting that quasi-static approximations are not useful but merely that they are not usually uniformly asymptotically correct in space and time.
The uniform result for entropy considered here and in [5] is exceptional.
The governing system of PDEs (in non-dimensional form) of one-dimensional linear thermoelasticity is U{6,u):=6t-6xx+juxt~0, (1-1) t > 0, 0 < x < 1, Hs(9, u) := e2utt -uxx + -)9X = 0, (1.2) where 9 is the dimensionless temperature and u is the dimensionless displacement of an elastic bar (or equivalently an infinite slab of thickness 1). The two positive parameters e2 and 7 are, respectively, the inertial constant and the coupling constant. We consider the initial/boundary value problem (IBVP) for (1.1)-(1.2) with initial conditions 6(x,0-,e) = (j>{x), (1.3) u(x,0 ;e) = f(x), (1.4) ut(x,0;e) = g(x) (1.5) which give the initial temperature, displacement, and velocity (independent of e) along with the Dirichlet boundary conditions 9(0, t; s) = 9(1, t\e) = 0, (1.6) u(0,t-,s) = u(l,t;e) = 0, (1. 7) which state that the ends of the bar are fixed and the temperature is maintained at zero at the ends of the bar.
The coupled/quasi-static approximation of (1.1)-(1.7) consists of setting e = 0 in (1.2) to arrive at the system U{9, u) := 9t -9XX + juxt = 0, ( The resulting IBVP has at most one (smooth) solution as can be seen via Energy Estimates (see below in Sec. 4). If one is primarily interested in the evolution of the temperature, then one would choose the initial condition 9(x,0) = <j>(x), (1.12) but it should be emphasized that it is possible to consider different C/QS approximations depending on the choice of initial condition as we do below. Various aspects of the C/QS approximation (as well as the uncoupled case) have been treated in a series of papers of W. A. Day (see his monograph [3] and references therein). Our scaling for dimensionless quantities is the same as used by Day [3] but our notation simplifies some of our resulting formulas (our 7 is Day's y/a and our e2 is Day's b). Esham and Weinacht [5] obtained results similar to those presented here in the case of boundary conditions which greatly simplify the analysis. A key element of our work is the repeated use of energy estimates, which was the subject of [11] , For recent results on various aspects of thermoelasticity since the pioneering work of Dafermos [2] in the linear case and Slemrod [10] in the nonlinear case, we refer the reader to the references in Rivera [9] for the linear case and Racke/Shibata [8] for the nonlinear case. We note that [8] treats the more difficult case of Dirichlet boundary conditions as we do here.
2. The C/QS approximation.
The solution of the IBVP (1.8)-(1.12) can be explicitly given in several ways (cf. [3] ). Here we do so in a form that is suitable for generalization to higher dimensions. Firstly, from (1.9) and (1.11) we have
where T is the one-dimensional Green's operator that inverts the boundary value problem
for arbitrary continuous i[). The operator T is a bounded linear operator from the Sobolev space H~1(0,1) to Hq(0, 1) whose restriction to £2(0,1) is compact. We now make some preparations to obtain an equation for 9 alone. Note from (2.1) that ux = ~l(dxTdx)9 = -jBO where B := dxTdx is a bounded linear non-local operator from Lo(0,1) to 1/2(0,1). Moreover, B is selfadjoint and negative semi-definite. To establish these latter assertions let us here and below write (u, v) / u{x)v{x) dx Jo for the Z/2-inner product and (-,-) for the duality pairing for H 1 (0,1) and i?o(0, 0).
Thus for any u in 1/2(0,1) and tp in ffo(0,1),
Then we see that B is selfadjoint since To obtain an explicit representation for a solution {0,u} of (1.8)-(1.12) we separate variables in (2.2)
so that we are led to the eigenvalue problem f -w" = AAut, 0 < x < 1,
By application of T we see that this eigenvalue problem is equivalent to that for the operator equation We are now ready to complete the solution of (1.8)-(1.12). Expand 0: where we emphasize that the inner product is in L2(0,1) not L\{0,1). By use of (2.3)-(2.5) the orthogonality conditions (2.10)-(2.11) can be written
where 0 (resp. U) is the iV-vector with components (resp. UtN). From (2.12)-(2.13) one finds that 0 +A0 = 0, which is a diagonal system so that 0f = aie~xlt in consonance with the result from separation of variables in (2.7). We will compare this result later with that for the Galerkin approximation for the full thermoelastic problem. We add here some completeness results including the Proof. Of course, the assertion (a) follows from (b) since the norm of Hq is stronger than that of L2, but it is convenient to prove (a) first and use that result in the proof of (b). by use of (2.3)-(2.5). When e = 0 this system, of course, is (2.12)-(2.13).
We can obtain an initial-value problem for (3.3)-(3.4) by adjoining the initial conditions (independent of e) 0^(0; e) = <fiN, 1^(0; e) = fN, U*(0; e) = gN (3.5) where for I = the components (pf, ftN ,gj* are obtained from the projections onto the subspaces of £2(0,1) spanned by {wi,... ,uin} and {^i,... ,vn}. Thus, in an obvious notation, n "0 = $>«%,
The IVP (3.3)-(3.5) has a unique global solution {© v, U v} which is C°°-smooth and we wish to examine convergence of {6N,uN} as N tends to infinity for fixed positive e. This will be done in the Appendix with the aid of energy estimates provided in the next section. 
where E is the energy defined by
Equation (4.3) is the first of our energy identities. An energy identity of higher order (in time) can be obtained in a similar way as follows. Differentiate (4.1) and (4. ■= \{{dt0N,dt6N) + e2(dfuN ,d2uN) + (dtdxuN, dtdxuN) }.
5. e-Asymptotics.
We examine the £-dependence of the solution of the IVP (3.3)- Based on our experience in [5] we make the following Ansatz for U:
where the real matrices P, £,T and the vectors a, b, c depend on £ in a way that we indicate below and with a(e) + b(e) real, a(e) -b(e) pure imaginary.
The solution e~tpc(e) is a purely diffusive term while the first two terms in (5.2) correspond to damped waves. The sum of the first two terms will yield a real vector as is required. The vector U is a solution of (5.1) 
e2|(^E+^Tj a(e)+^E-^Tj b(e) + P2c(e)| = V~l{I -0)^ -fw]
for the vectors a(e), b(e), c(e). As was done for P, E, and T one can determine successively from (5.6) the a', b®, and c3 in (5.5) to any order in £ as follows. Let us note that, in contrast to the C/QS approximation of the temperature and displacement, which contain only diffusive terms, the Galerkin coefficients ©J 2 and UW'2 even to lowest order in e contain both diffusive and damped wave terms. If we examine the corresponding Galerkin coefficient HA for the entropy we find (perhaps surprisingly) that it has only diffusive behavior to lowest order in e as we now show. is bounded as e tends to zero for a constant (in t) matrix R that is O(l) in e. Now recalling from Sec. 5 that Tq = S'_1VrDS' it follows that exp{-itTo/e} is O(l) for all t. and so (6.2) holds with a = 3. A similar estimate on £ in the £2(0, T^W) norm follows in the same way but for the uniform estimate we seek we proceed differently by a higherorder energy estimate as introduced in Sec. 4. The idea is the same as in [11] for multidimensional estimates. The first step is very close to that leading up to (4.3), the key difference consisting in the loss of a power of e in the differentiation of (5.8), viz.
The result is where n&N'2 + A0iV'2 + {i-n)ijN'2 = o{e2
Then from the sum of (6.5) and (6.6), (Cx; Cr) = ^ (P? 0 ^ {^tti %t) (^xt> Zxt) (C ti C)* By our previous estimates, including those just concluded, each of the four terms on the RHS are 0(e4) (by the Schwarz and arithmetic-geometric mean inequalities). Thus (x is 0(e2) in the Loo(0,T;W) norm (whereas previously we had an 0(e3) estimate for (x in the L2(0,T;7i) norm). Now from C(x,t;e) = C(0,i;e) + [ <x(£,t-,e)d£ Jo follows an 0(e2) estimate for £ in the Loo(0,f;H) norm.
Thus from the corresponding elementary Sobolev inequality the result (6.1) holds with a = 2, uniformly in (x,t) for (x,t) in [0,1] x [0, T]. It should be noted that by using El in addition to E we require slightly more stringent conditions on our data </>, /, and g. It is also pointed out that it would be more pleasant to have a = 3 since 0N:2 itself contains terms of order e2.
Finally (see, e.g., [12] ).
By TL (resp. V) we denote the Hilbert spaces 1/2(0,1) (resp. Hq(0, 1)). The inner product in V will be denoted (-, -)i while that in H by our general agreement in Sec. 2 will be denoted (■, ■) without subscript. In Sec. 2 we also agreed to indicate the duality pairing in V* x V by (■,•).
The weak solution of the IBVP (1.1)-(1.7) is arrived at in the usual way: Multiply a classical solution of (1.1)-(1.2) by suitable test functions and integrate by parts. Here for our time-dependent problem it is convenient to view a solution {9,u} of (1.1)-(1.7) as a map from [0, T\ into V and we allow the context to make clear whether we are viewing 9 as 9 = 9(t) (with e suppressed for notational simplicity) or 9 = 9(x,t-,e) as we have written above (similarly for it).
Thus we are led to a weak solution of (1.1)-(1.7) defined as a pair {9,u} such that which follows by integration of dxuN and the Schwarz inequality. Note our dual use of the symbol uN as forewarned above. As a result of our estimates we have that the following sequences are bounded (independently of N) in the L2{0,T;H.) norm:
{*"}, {dxeN}, {^}, {5X0W}, {uN}, {dxuN}, {«*}, R/}, {ii*} and thus have weakly convergent subsequences (denoted by the same symbols {6^}, {dx9N}, etc.) which converge to some elements of £2(0, T;H) which we denote respectively by ip, dxip, ip, dxip, w, dxw, w, dxw, and w (for a proof that the limit of 6N is indeed tp etc. see, e.g., [12] ). Thus the conditions (i)-(ii) above for a weak solution of (1.1)-(1.7) are more than met. The condition (iii) for the traces is satisfied since the above convergence properties ensure the existence of the traces of 0,it, and u in t = 0 (e.g., convergence of {dxiiN} and {uA } in £2(0, T\ H) is sufficient for the existence of the trace of w) and, moreover, the traces are the limits of (subsequences of Since {wm}, {vm} are complete in V we can replace wm,t;TO respectively by arbitrary $, W in V. Thus, by integration by parts with respect to t, we see that condition (iv) is met by {^>,w;}, which are slightly nicer than the {0,u} in the definition. Therefore, we have shown existence of a weak solution of (1.1)-(1.7).
Our next task is to show that, under our additional restrictions, there is at most one such {rp,w}. ,0(t))+s2(u(t),u(t)) + (dxu(t),dxu(t))}. Now for t = 0 the first two terms in E(t) are zero from (iii). But the third is also since, under our extra conditions, the trace of dxu(t) exists and is zero for t = 0. Thus E(0) = 0 and hence E(t) = 0 for almost all t in [0, T]. Prom this uniqueness follows. Collecting our previous results we now know that all subsequences of {0N ,uN} converge to the solution of (1.1)-(1.7).
